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We report on a combined experimental and theoretical investigation into the normal modes of
an all-fiber coupled cavity-quantum-electrodynamics system. The interaction between atomic en-
sembles and photons in the same cavities, and that between the photons in these cavities and the
photons in the fiber connecting these cavities, generates five non-degenerate normal modes. We
demonstrate our ability to excite each normal mode individually. We study particularly the ‘cav-
ity dark mode’, in which the two cavities coupled directly to the atoms do not exhibit photonic
excitation. Through the observation of this mode, we demonstrate remote excitation and nonlocal
saturation of atoms.
A future quantum internet depends on the connection
and entanglement of many distant qubits [1, 2]. These
qubits form the nodes of the network, and communica-
tion between nodes is carried via channels which transmit
quantum information. When coupling between the nodes
is bi-directional [3], instead of uni-directional [4, 5], the
system oscillates as a collective whole, and the oscilla-
tions can be projected onto a set of orthogonal normal
modes in which energy is continuously exchanged be-
tween oscillators. This normal mode behavior defines the
structural basis of the system dynamics, underlying the
higher-level dynamical effects leading to e.g. operation
of quantum gates [6] and the physical implementation of
systems of strongly interacting photons [7–9].
All-fiber atom–cavity quantum electrodynamics
(QED) systems, in which atoms are coupled to the
cavity field via evanescent coupling through a tapered
optical nanofiber region, are an especially attractive
prospect for quantum networking due to the ease
of connecting many nodes together in any arbitrary
network configuration with minimal loss. A cavity QED
system is typically formed by coupling the atoms to
an in-fiber cavity formed by either two Fiber Bragg
Gratings (FBGs) [10–15], or else a ring cavity coupled
via a fiber beamsplitter [16–18]. This paper is focused on
‘coupled-cavities quantum electrodynamics’, concerning
the interaction of atoms coupled via cavity fields.
Specifically, we focus on the properties of the normal
modes of two atomic ensembles coupled via three optical
cavities.
A dark mode is a class of normal modes in which one
or more oscillators does not exhibit excitation due to
destructive interference. An example of such a mode
is a dark atomic state, which is prevented from ab-
sorbing a photon due to coupling induced by control
fields [19]. In addition to the widely used application of
electromagnetically-induced transparency [20], the dark
mode of a coupled system has for example been used
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to suppress mechanical dissipation in an optomechanical
resonator [21]. We recently demonstrated the ‘fiber dark
mode’ of a coupled-cavity QED system, where distant
atoms interact with delocalized photons [22]. We show
in this paper that another type of dark normal mode ex-
ists in this system, in which the photonic excitations at
the atom locations are dark, such that the atoms are not
locally exposed to light fields. This ‘cavity dark mode’ is
robust and does not depend on cavity symmetry. With
the absence of local photons, we demonstrate nonlocal
excitation and saturation of atoms.
The experiment comprises an elementary all-fiber
quantum network, similar to our previous setup [22], in
which two nanofiber cavity QED systems are connected
by an intermediate link fiber cavity, as illustrated in
Fig. 1(a) (in this paper, the two cavities directly cou-
pled to atoms are named ‘cavities’, while the linking
fiber cavity is referred to as the ‘fiber’). Optical cavities
are formed within the single-mode optical fiber between
FBG mirrors, and atoms are coupled to the cavities via
tapered fiber regions of diameter 400 nm. We experi-
mentally excite and detect the five normal modes of this
network of five coupled oscillators (three optical cavities
and two 133Cs atomic ensembles), which are illustrated
in Fig. 1(b). These modes are strongly coupled, such
that they are spectrally separate and able to be individ-
ually excited [22]. In this paper we focus specifically on
the observation of the ‘cavity dark mode’ (mode (v) in
Fig. 1(b)), and the corresponding observations of remote
atom excitation and nonlocal atomic saturation. The
two cavities are oscillation nodes of this mode, mean-
ing that the two distant atomic ensembles communicate
only via the remote link fiber. We emphasize that this is
a truly macroscopic network: the cavities are each of or-
der 1 meter long. This observation of all normal modes
of a macroscopically large quantum network, observed
simultaneously at two points of the network, lays the
foundation for extension to larger networks of multiple
atom-cavity systems for quantum information processing
purposes.
Let us first consider the system with one atom for each
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FIG. 1. (a) Schematic of the setup. Three optical cavi-
ties, comprising four Fiber Bragg Grating (FBG) mirrors, are
connected in series. Optical nanofiber regions are fabricated
within the two end cavities, enabling coupling to ensembles
of atoms through the evanescent field. The system may be
probed from either the cavity end (A) or from the central
fiber beamsplitter (C), while the excitation is simultaneously
detected at ports B and C. (b) Schematic of normal modes
of the system. Ellipses indicate cavity excitations, and circles
indicate atom excitations. Red and blue are pi out of phase.
Five normal modes are present: (i,ii) are symmetric bright
modes, (iii,iv) are fiber dark modes, and (v) is the cavity
dark mode.
cavity, whose Hamiltonian (h¯ = 1) is given by:
H = ωc
(
a†1a1 + a
†
2a2 + b
†b
)
+
∑
i=1,2
vi
(
a†i b+ b
†ai
)
+ ωa
(
σ+1 σ
−
1 + σ
+
2 σ
−
2
)
+
∑
i=1,2
gi
(
a†iσ
−
i + σ
+
i ai
)
,
(1)
where we assume that the cavity and fiber modes
(a1, a2, b) are degenerate with frequency ωc. The cou-
pling rates of cavities 1 and 2 with the fiber are given
by
v1,2 =
c
2
√
T2,3
LfL1,2
, (2)
where c is the speed of light in the fiber and Ti, Li, and
Lf are the transmittance of the mirror i, length of the
cavity i, and length of the connecting fiber, respectively.
The atoms are coupled to their respective cavity modes
with strengths g1 and g2. The eigenstates of the above
Hamiltonian are given by superpositions of certain com-
binations of the atom excitations, and the photons in the
two cavities and the fiber. The eigenstates for the first
excited states are given by the superpositions of the base
states |A1〉 = |e, g, 0, 0, 0〉, |A2〉 = |g, e, 0, 0, 0〉, |C1〉 =
|g, g, 1, 0, 0〉, |C2〉 = |g, g, 0, 1, 0〉, |Cf〉 = |g, g, 0, 0, 1〉,
where |i1, i2, n1, n2, nf〉 denotes the state of the total sys-
tem with atom 1 and 2 in the states i1 and i2; and cavity
1, 2, and the fiber in the Fock states of photon num-
bers n1, n2, and nf . Specifically, for the simple case of
ωc = ωa ≡ ω0, g1 = g2 ≡ g, and v1 = v2 ≡ v, the
eigenstates and eigenenergies are given by:
(i) |BS1〉 ∝ g|A1〉+ g|A2〉+ ζ|C1〉
+ ζ|C2〉+ 2v|F〉, ω0 + ζ,
(ii) |BS2〉 ∝ g|A1〉+ g|A2〉 − ζ|C1〉
− ζ|C2〉+ 2v|F〉, ω0 − ζ,
(iii) |FD1〉 ∝ |A1〉 − |A2〉+ |C1〉 − |C2〉, ω0 + g,
(iv) |FD2〉 ∝ |A1〉 − |A2〉 − |C1〉+ |C2〉, ω0 − g,
(v) |CD〉 ∝ v|A1〉+ v|A2〉 − g|F〉, ω0,
where ζ =
√
g2 + 2v2 is the symmetric mode resonance
shift. The modes (i)-(v) are illustrated in Fig. 1(b). The
two states of (i) |BS1〉 and (ii) |BS2〉 are ‘bright states’
and have photon excitations in the two cavities and the
fiber. In contrast, the other three are ‘dark states’, where
photon excitations are absent either from the link fiber
or from the two end cavities. Two states — the ‘fiber
dark states’ of (iii) |FD1〉 and (iv) |FD2〉 — do not ex-
hibit excitation in the central link fiber. Of particular
interest is the ‘cavity dark state’ (v) |CD〉, which has no
photon excitation in the two cavities in which atoms are
placed. In other words, it is the state of atoms dressed
with the remote photons of the link fiber. We emphasize
that this state exists only when atoms are coherently cou-
pled to both cavities. For the general case with g1 6= g2
and v1 6= v2, the states of (iii) |FD1〉 and (iv) |FD2〉 are
no longer pure ‘fiber dark’ states, although for the pa-
rameters discussed in this work the fiber contribution is
negligibly small (see Supplementary Material [23]). The
state (v) |CD〉 remains a pure ‘cavity dark’ state inde-
pendent of cavity symmetry.
These eigenstates (i) - (v) correspond to the nor-
mal modes of the system dynamics in the weak-driving
limit [23], as illustrated in Fig. 1(b). For a system
with ensembles of atoms in the cavities, the linear op-
tical response in the weak-driving limit is identical to
the single-atom model, in which the single-atom cou-
pling strengths gi are replaced by the effective coupling
strengths gi,eff = gi
√
Ni,eff , where Ni,eff is the effective
number of atoms in cavity i [22].
The setup is similar to that of our previous work [22],
where we observed four of the five normal modes: the
two symmetric modes (i) and (ii), and the two fiber dark
modes (iii) and (iv). In our previous work, we directly
excited Cavity 1 and detected the response of Cavity 2.
Both of these cavities are nodes of the cavity dark mode
(v), meaning that we could not detect this mode in the
original work. In this experiment, we introduce a fiber
beamsplitter into the link fiber to study this unique mode
of oscillation. Specifically, the setup shown in Fig. 1(a) is
designed to allow the system to be driven and detected
at either the end of the cavity array (ports A and B),
or through a fiber beamsplitter at the central link fiber
(port C). The response of one network node at port B
is simultaneously observed with the response of the link
3fiber at port C. This enables experimental probing of
all normal modes, and provides simultaneous access to
cavity oscillation nodes and antinodes. The weak 1%
outcoupling of the beamsplitter ensures that the normal
modes are not excessively broadened by loss.
An experimental run consists of three main steps.
Firstly, laser-cooled Cs atoms in the 62S1/2 F = 4
state are loaded from a magneto-optical trap into a
compensated evanescent-field far-off-resonant dipole trap
(FORT) [24–27]. An optical lattice of 937 nm light and a
repulsive 688 nm beam are present in the nanofiber region
to form the series of trap sites. Secondly, spectroscopy
is performed on the atom-cavity system by sweeping a
probe laser, input either at port A or C, from -30 to +30
MHz with respect to the atomic and bare-cavity reso-
nances. Thirdly, the atoms are optically pumped into
the dark F = 3 state, and spectroscopy is performed on
the effectively empty-cavity condition with input at port
A. Single-photon counting modules (SPCMs) detect the
response at ports B and C for both frequency sweeps.
We first show the results of driving the input port A
in Fig. 2, similar to our previous work [22], but this time
measuring the two output ports B and C simultaneously.
The A→ B transmissions in Fig. 2(a) and (c) reproduce
the observation of the ‘fiber’ dark modes and the bright
modes in Ref. [22]. Furthermore, the naming of the ‘fiber
dark’ modes is supported by the suppression of the corre-
sponding peaks in the A→ C transmissions in Fig. 2(b)
and (d). Only the bright modes have excitation at both
the end cavity and the link fiber, and therefore can be
driven and detected in this A → C configuration. The
data agrees with the theoretical curve of the steady-state
solution for the linearized master equation in the weak-
driving limit with (g1,eff , g2,eff) = (5.0, 5.0) MHz [23]. All
theoretical curve amplitudes have been scaled based on
the peak empty cavity response.
Next we show the results of driving and detecting the
port C in Fig. 3. The central result of this experiment
is the observation of the cavity dark mode at the atomic
resonance (0 MHz) in Fig. 3(a). This mode is absent
when driving the port A in Fig. 2(a) and (b), due to
the direct excitation of cavity photons. Figure 3(b) in-
dicates on-resonant suppression of the output at Port B,
confirming that the ‘cavity dark mode’ does not support
photonic excitations within the cavities. We note that
the cavity dark mode signature is only observed in the
case where both atomic ensembles are coupled to the cav-
ities. In cases where atoms are coupled only to single cav-
ities (Fig. 3(c) and (d)), the C → C resonant transmis-
sion is suppressed. In these singly-loaded cases, we may
interpret the experiment in two ways. Firstly, we can
consider the interaction of atoms with the on-resonant
empty-cavity fiber dark mode [22]. This induces a vac-
uum Rabi splitting of the fiber dark mode, resulting in
the observation of four unique spectroscopic peaks, and
on-resonant suppression. Alternatively, one may view
the system as the collective oscillation of four oscilla-
tors (three cavities and one atom), manifesting as two
FIG. 2. Probing the fiber dark mode. (a)-(d) show data for
the spectroscopy driving at port A for (L1, Lf , L2) = (0.92,
1.40, 1.38) m and FBG reflectances (0.85,0.57,0.72,0.85).
Data is overlaid with calculations performed with the single-
mode linearized model [23]. The bare atomic and single-cavity
resonances are located at 0 MHz. (a) Atoms are in both cav-
ities and output is detected at port B. The fiber dark mode
is visible as the doublet at ±5 MHz. The two symmetric
bright modes are also observed at ±13.6 MHz. (b) Atoms
are in both cavities and output is detected at port C. The
fiber dark mode is absent, and only the two symmetric bright
modes are observed. (c) Empty cavity spectra detected at
port B. The central peak and the two sideband peaks corre-
spond to the fiber dark mode and the two symmetric bright
modes for coupled empty cavities. (d) Empty cavity spectra
detected at port C. The fiber dark mode is absent. The probe
drive-strength at Port A is 250 pW.
symmetric and two antisymmetric modes. In the case
of four coupled oscillators, all oscillators are antinodes
for all modes, resulting in their observation in Fig. 3(c)
and (d). In all cases, the data is in agreement with the
theoretical curve with (g1,eff , g2,eff) = (6.0, 7.0) MHz [23].
We note that the empty cavity responses in
Figs. 2(c), 2(d) and 3(e) may be recovered in the model
by setting g = 0, resulting in |FD1〉 and |FD2〉 coalescing
to a single fiber dark mode, while |CD〉 vanishes.
The above observation of the cavity dark mode for
C → C transmission at zero detuning can be interpreted
as remote excitation of atoms through the excitation of
4FIG. 3. Probing the cavity dark mode. (a)-(d) show data
for the spectroscopy driving and detecting at port C for
(L1, Lf , L2) = (0.92, 1.80, 1.38) m and FBG reflectances
(0.80,0.65,0.80,0.85). Dashed lines show theoretical calcula-
tions performed with the single-mode linearized model [23].
(a) Atoms are in both cavities (C → C spectroscopy). The
cavity dark mode is visible as the central 0 MHz resonance.
The two symmetric bright modes are also observed. (b)
Atoms are in both cavities (C → B spectroscopy). Only
the two bright modes are observed. (c) Atoms are in Cavity
1 only (C → C spectroscopy). Four normal modes are ob-
served. (d) Atoms are in Cavity 2 only (C → C spectroscopy),
and four normal modes are observed. (e) Empty cavity spec-
tra (C → C spectroscopy), where two normal modes are ob-
served. The input probe power at Port C is 800 pW.
photons in the link fiber. Although no local photons
are excited at the atom locations, we expect this dressed
state to saturate at high drive powers. We expect the
system response at high drive intensities to tend toward
the empty-cavity dual peak spectrum of Fig. 3(e), and
result in the dark mode signal diminishing with increas-
ing intensity of excitation at the link fiber due to remote
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FIG. 4. Saturation of the dark mode. (a) C → C transmis-
sion curves for atoms loaded into both cavities, where increas-
ing offset indicates increasing drive power (from 0.50 nW to
27 nW). (b) The on-resonant transmission is normalized with
respect to the average amplitude of the two bright modes.
The errorbars are statistical. A theoretical curve is overlaid
in red.
saturation of atoms.
Figure 4(a) confirms this hypothesis. The on-resonant
peak is clearly resolved at low drive intensities, and is ab-
sent at high intensities. We therefore obtain the counter-
intuitive result that increasing drive strength reduces the
on-resonant response of the link fiber cavity. We empha-
size that the atoms do not experience local intensity on-
resonance, because driving at C excites the cavity dark
mode in the low intensity limit, and does not excite the
fiber dark mode in the high intensity empty-cavity limit.
The C → C saturation theoretical curve is obtained by
solving the coupled semiclassical equations of motion de-
scribing the nonlinear dynamics [23], and agrees quali-
tatively with the cavity dark mode amplitudes plotted
in Fig. 4(b). We attribute the enhanced saturation ob-
served in the experiment to the asymmetric drive of the
link fiber, which introduces a nonzero light level in Cav-
ity 2 for empty cavities. The saturation values used in
the model are derived from a separate experiment driv-
ing from A → B for atoms in single cavities. From this
data, we measure atom numbers of 370 and 250, sat-
uration photon numbers of 40 and 20, and many-atom
coupling strengths of 6.0 and 7.0 MHz in Cavities 1 and
2 respectively.
We note that the asymmetry observed between the
low- and high-frequency sides of the spectra in Figs. 2 – 4
when atoms are coupled to the cavities arises from the
light shift of the off-resonant probe beam [23].
In conclusion, we have observed all five normal modes
of a large coupled cavity QED system. In particular, we
have observed the cavity dark mode, which is an exci-
tation of atoms dressed with photons in a cavity which
does not couple directly to either atomic ensemble. The
nonlinear response of this mode shows remote excitation
and saturation of atoms without photon excitations at
the atom locations. We are especially interested in im-
proving this system by overcoming technical challenges
5related to the simultaneous resonant locking of N > 1
optical cavities, and the trapping of single atoms in net-
worked Cavity QED systems.
Appendix A: Experimental methods
This is a spectroscopic experiment performed on a sys-
tem of three optical cavities, coupled to two atomic en-
sembles. The spectrum depends on the resonant frequen-
cies of the individual cavities with respect to the atoms,
and we impose the condition that each of the three cav-
ities is resonant with the F = 4 → 5 D2 line of the Cs
atomic resonance. The three cavities are not actively
locked to the atomic resonance, and the experiment re-
quires both ‘pre-selection’ triggering and ‘post-selection’
on features of the data. The pre-selection is performed by
monitoring the A → B transmission of an on-resonance
probe while the three cavity lengths are modulated at in-
commensurate frequencies. An experimental run is trig-
gered above a defined transmission threshold, and the
cavity-length-modulating piezoelectric transducer volt-
ages are maintained at constant values through the dura-
tion of the run (with a total time of 145 ms, for Nrpt = 5
sequence repeats of atom cooling and spectroscopy). The
post-selection is performed on the empty cavity data, by
ensuring that the empty-cavity A→ B spectrum is max-
imum at 0 MHz, and that there is sufficient sideband
intensity in the A → C data. This ensures that an op-
timum resonance condition has been met, such that all
three cavities are resonant with the atomic transition.
Following the pre-selection trigger, a typical experi-
mental run begins with excitation at port C. Atoms are
loaded into both cavities via standard magneto-optical
trap (MOT) cooling. The atoms are trapped in a two-
color magic wavelength evanescent far-off-resonant dipole
trap (FORT), formed from an optical lattice of two coun-
terpropagating 100 µW 937 nm beams and a single-pass
of a 5.2 mW 688 nm beam. The system is probed spec-
troscopically, with the input probe swept in frequency
by 60 MHz across the atomic resonance in 4 ms, which is
significantly slower than the timescales of the system dy-
namics. The system is simultaneously detected at Ports
B and C. The output light is first filtered through a
series of polarization and interferometric filters, to re-
move unwanted light from FORT beams and from the
background. Following the filtering system, the light is
detected by single photon counting modules (SPCMs).
The detected photon streams are binned in time to exper-
imentally obtain a spectroscopic response curve at both
ports A and C. The dual detection scheme allows for the
different responses of the cavities and the link fiber to be
experimentally measured, enabling the study of the fiber
and cavity dark modes.
Following the spectroscopy with atoms coupled to cav-
ities, the empty-cavity spectrum is probed. Optical
pumping beams, resonant with the D2 F = 4 → 3
transition, pump the atomic ensembles into the F = 3
ground state, to ensure that they are ‘dark’ to the cav-
ity which is resonant to the F = 4 → 5 transition. A
micro-electromechanical-systems (MEMS) optical switch
swaps the input port to A, and the A → B and A → C
empty cavity signals are probed. Optical cooling then
commences with the same atomic ensemble to replenish
the optical dipole trap, which has a lifetime of ≈ 10 ms.
The sequence repeats Nrpt = 5 times, using the same
cavity condition. A new MOT is then loaded, the cavity
length modulation restarts, and the process repeats when
the cavity trigger threshold is met.
Appendix B: Single-mode quantum model
As a simple, quantum model of our system (Fig. 5), we consider single modes for the fields in the cavities (anni-
hilation operators a1 and a2) and in the connecting fiber (b), and single, two-level atoms in each cavity (raising and
lowering operators σ±1 and σ
±
2 ). Then, a master equation for the density operator ρ of the total system, in a frame
κ1l
κ1r κ2l
κ2r
κ1,loss κ2,loss
κb,loss γγ
g1 g2a1 a2
b
κb,bs
a1,in
a1,out
a2,out
a2,in
b1,in
b1,out b2,in
b2,out
FIG. 5. Schematic of the coupled-cavities system (not to scale).
6rotating at the probe laser frequency ωp (assumed the same for all driving fields in the model), takes the form
ρ˙ = −i[H, ρ] + κ′1D[a1]ρ+ κ′2D[a2]ρ+ κ′bD[b]ρ+
γ‖
2
(D[σ−1 ]ρ+D[σ−2 ]ρ)
+ γlas
(
D[a†1a1]ρ+D[a†2a2]ρ+D[b†b]ρ+D[σz,1]ρ+D[σz,2]ρ
)
. (B1)
where D[O]ρ = 2OρO† − O†Oρ − ρO†O, and we set h¯ = 1. The Hamiltonian can be written as H = Hsys +Hdrive,
with
Hsys = ∆1a
†
1a1 +∆2a
†
2a2 +∆bb
†b+
(
v1a
†
1b+ v
∗
1b
†a1
)
+
(
v2a
†
2b+ v
∗
2b
†a2
)
+∆a
(
σ+1 σ
−
1 + σ
+
2 σ
−
2
)
+
(
g1a
†
1σ
−
1 + g
∗
1σ
+
1 a1
)
+
(
g2a
†
2σ
−
2 + g
∗
2σ
+
2 a2
)
, (B2)
and
Hdrive =
(
E∗1a1 + E1a†1
)
+
(
E∗2a2 + E2a†2
)
+
(E∗b b+ Ebb†) . (B3)
The detunings are given by ∆1 = ωa1 − ωp, ∆2 = ωa2 − ωp, ∆b = ωb − ωp, and ∆a = ωa − ωp. The Hamiltonian
Hdrive describes probe laser fields of amplitudes E1, E2, and Eb driving the cavity and fiber modes through the input
channels a1,in, a2,in, and b1,in, respectively. The atoms couple with strengths g1,2 to their respective cavity modes,
while the coupling rates between the cavity modes (of lengths L1,2) and the fiber mode (of length Lf) are given by
v1 =
√
κ1r
pi
ωFSR,f ≡ c
2
√
T2
L1Lf
, v2 =
√
κ2l
pi
ωFSR,f ≡ c
2
√
T3
L2Lf
. (B4)
Here, ωFSR,f = pic/Lf is the free spectral range of the coupling fiber mode, where c is the speed of light in the fiber, and
κ1r = cT2/(4L1) and κ2l = cT3/(4L2) correspond to the decay rates of the respective cavity fields through mirrors 2
and 3 in the case that the outputs from these mirrors couple to a continuum of modes (e.g., in the limit that Lf →∞).
The remaining terms in the master equation describe losses and dephasing effects in the system. The cavity and
fiber fields decay with rates
κ′1 = κ1l + κ1,loss, κ
′
2 = κ2r + κ2,loss, κ
′
b = κb,bs + κb,loss, (B5)
where κ1l = cT1/(4L1), κ2r = cT4/(4L2), and, for a 99/1 beamsplitter,
κb,bs = −1
2
c
Lf
ln(0.99). (B6)
The intrinsic loss rates are determined from the (intensity) transmission coefficients of the fiber segments that support
the various modes as
κ1,loss = −1
2
c
L1
ln(1− α1), κ2,loss = −1
2
c
L2
ln(1− α2), κb,loss = −1
2
c
Lf
ln(1 − αf), (B7)
where α1, α2, and αf are single-pass losses for the segments in cavity 1, cavity 2, and the connecting fiber, respectively.
Finally, the term proportional to γlas – the laser linewidth (HWHM) – is included so as to incorporate the effect of
laser frequency fluctuations, which appears as phase damping of the field and atomic amplitudes. The atoms decay
into free space with rate γ‖.
1. General Normal Modes
Consider the system Hamiltonian (B2) for the case in which the cavity and fiber modes are resonant with the
atomic transition frequency, and ∆1 = ∆2 = ∆b = ∆a = 0. The resulting Hamiltonian may be diagonalized to give
the normal mode operators
D˜ =
1
GZ
(
g2v1σˆ
−
1 + g1v2σˆ
−
2 − g1g2bˆ
)
, ω˜D = 0, (B8)
A˜± =
1
2δG
[
g1V−σˆ
−
1 − g2V+σˆ−2 ±G (V−aˆ1 − V+aˆ2)−
N2
V+
v2bˆ
]
, ω˜A,± = ±G, (B9)
S˜± =
1
2δZ
[
g1V+σˆ
−
1 + g2V−σˆ
−
2 ± Z (V+aˆ1 + V−aˆ2) +
W 2
V−
v2bˆ
]
, ω˜S,± = ±Z, (B10)
7where
G =
√
g¯2 + v¯2 − δ2, Z =
√
g¯2 + v¯2 + δ2,
N =
√
g˜2 − v¯2 + δ2, W =
√
−g˜2 + v¯2 + δ2,
V± =
√
δ2 ± (g˜2 + v˜2), δ2 =
√
(g˜2 + v˜2)2 + v21v
2
2 ,
g˜2 =
g21 − g22
2
, g¯2 =
g21 + g
2
2
2
,
v˜2 =
v21 − v22
2
, v¯2 =
v21 + v
2
2
2
.
It is clear from (B8) that the cavity dark mode D˜ has zero contribution from the cavity modes aˆ1,2. The fiber
dark modes A˜± have a minor contribution from the fiber mode bˆ, which vanishes in the case of symmetric cavities
(g1 = g2 = g, v1 = v2 = v).
G→ g, Z → ζ =
√
g2 + 2v2, N → 0, W →
√
2v, V± → v, δ → v, (B11)
and thus we obtain back the expression in the main text,
D˜ → Dˆ = 1
ζ
[
v
(
σˆ−1 + σˆ
−
2
)− gbˆ] , ωD = 0,
A˜± → Aˆ± = 1
2
[(
σˆ−1 − σˆ−2
)± (aˆ1 − aˆ2)] , ωA,± = ±g,
S˜± → Sˆ± = 1
2ζ
[
g
(
σˆ−1 + σˆ
−
2
)± ζ (aˆ1 + aˆ2) + 2vbˆ] , ωS,± = ±ζ.
For our experimental parameters, the fiber dark modes exhibit a fiber excitation less than 10−5 of the atoms or
cavity, i.e.
∣∣∣〈0|bˆA˜†±|0〉∣∣∣2 / ∣∣∣〈0|XˆA˜†±|0〉∣∣∣2 < 10−5, where Xˆ = σˆ−1,2, aˆ1,2. The data of Fig. 2(a) and (b) of the main
manuscript highlights the absence of photonic excitation in the fiber when the fiber dark mode is excited.
We note that the Hamiltonian H may be expressed in terms of the normal mode operators. This is a lengthy
expression which we will not express in full here. However, in the case that the mode splittings G and Z are
significantly larger than the decay rates, a rotating wave approximation may be made. In this case, we may focus
only on the contribution of the cavity dark mode D˜. In the case where the cavity and fiber modes are resonant with
the atomic transition, ∆1,2 = ∆b = ∆a = ∆, and for ∆≪ G,Z, the Hamiltonian reduces to the simple form
H˜ = ∆D˜†D˜. (B12)
This form does not depend on a symmetric cavity condition.
2. Linearised model
If we assume weak driving and, hence, weak excitation of the atoms, then we may derive the following linear
equations of motion for the field and atomic amplitudes,
˙〈a1〉 = −(κ1 + i∆1) 〈a1〉 − iv1 〈b〉 − ig1
〈
σ−1
〉− iE1, (B13)
˙〈a2〉 = −(κ2 + i∆2) 〈a2〉 − iv2 〈b〉 − ig2
〈
σ−2
〉− iE2, (B14)
˙〈b〉 = −(κb + i∆b) 〈b〉 − iv∗1 〈a1〉 − iv∗2 〈a2〉 − iEb, (B15)
˙〈σ−1 〉 = −(γ⊥ + i∆a) 〈σ−1 〉− ig∗1 〈a1〉 , (B16)
˙〈σ−2 〉 = −(γ⊥ + i∆a) 〈σ−2 〉− ig∗2 〈a2〉 , (B17)
where κ1 = κ
′
1+ γlas, κ2 = κ
′
2+ γlas, κb = κ
′
b + γlas, and γ⊥ = γ/2+ γlas. Setting the time derivatives to zero, we find
the general steady state solution for the amplitude of cavity 2 as
〈a2〉ss =
A
B
, (B18)
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A =iE2 + Eb
(
v2
κb + i∆b
) κ1 + i∆1 + |g1|2
γ⊥ + i∆a
κ1 + i∆1 +
|g1|2
γ⊥ + i∆a
+
|v1|2
κb + i∆b
− iE1
(
v2
κb + i∆b
)
v∗1
κ1 + i∆1 +
|g1|2
γ⊥ + i∆a
+
|v1|2
κb + i∆b
, (B19)
and
B = −(κ2 + i∆2)− |v2|
2
κb + i∆b
− |g2|
2
γ⊥ + i∆a
+
|v1v2|2
(κb + i∆b)2
1
κ1 + i∆1 +
|g1|2
γ⊥ + i∆a
+
|v1|2
κb + i∆b
. (B20)
Solutions for the steady state amplitudes of cavity 2 and fiber mode b then follow from
〈a1〉ss = −
iE1 + Eb v1
κb + i∆b
+
v1v
∗
2
κb + i∆b
〈a2〉ss
κ1 + i∆1 +
|g1|2
γ⊥ + i∆a
+
|v1|2
κb + i∆b
, (B21)
and
〈b〉ss = −
iEb
κb + i∆b
− iv
∗
1
κb + i∆b
〈a1〉ss −
iv∗2
κb + i∆b
〈a2〉ss . (B22)
To obtain the output photon fluxes, we require the input-output relations,
a1,out = a1,in +
√
2κ1l a1, a2,out = a2,in +
√
2κ2r a2, b1,out = b1,in +
√
2κb,bs b, (B23)
where
〈a1,in〉 = iE1√
2κ1l
, 〈a2,in〉 = iE2√
2κ2r
, 〈b1,in〉 = iEb√
2κb,bs
. (B24)
In the linear approximation, the output photon fluxes are given by | 〈a1,out〉 |2, | 〈a2,out〉 |2, and | 〈b1,out〉 |2.
3. Saturation
For driving from A→ B with atoms only in Cavity 1 or only in Cavity 2, the theoretical analysis of saturation in
the system is outlined in detail in [28], where careful attention is paid to the spatial dependence of the cavity modes
and the atomic density. From comparison of this analysis with the experimental data for A→ B driving, we are able
to deduce values for the saturation photon numbers,
n1,sat =
γ⊥γ‖
4g21,(0)
, n2,sat =
γ⊥γ‖
4g22,(0)
, (B25)
where gl,(0) (l = 1, 2) is the maximum single-atom coupling strength for an atom located at a potential mini-
mum of the dipole trap in cavity l, and for the effective atom number Nl,eff in each cavity. In particular, we find
{n1,sat, N1,eff , n2,sat, N2,eff} ≃ {40, 370, 20, 250}.
For driving from C → C the nonlinear semiclassical equations of motion for the field and atomic amplitudes and
atomic inversion are slightly modified from those used in [28]. In particular, after eliminating the atomic variables,
9the coupled, steady state equations for the amplitudes of the cavity and connecting-fiber modes take the form
0 = −〈a1〉

(κ1 + i∆1) + (γ⊥ − i∆a)
∑
j1
g21j1
γ2⊥ +∆
2
a + 4
γ⊥
γ‖
g21j1 |〈a1〉|
2

− iv1 〈b〉 , (B26)
0 = −〈a2〉

(κ2 + i∆2) + (γ⊥ − i∆a)
∑
j2
g22j2
γ2⊥ +∆
2
a + 4
γ⊥
γ‖
g22j2 |〈a2〉|
2

− iv2 〈b〉 , (B27)
iEb = − (κb + i∆b) 〈b〉 − iv1 〈a1〉 − iv2 〈a2〉 , (B28)
where gljl is the coupling strength of atom jl to cavity l (l = 1, 2). We assume for simplicity that the parameters
{g1j1 , g2j2}, {v1, v2}, and Eb are all real.
Defining normalized amplitudes
X1 =
〈a1〉√
n1,sat
, X2 =
〈a2〉√
n2,sat
, Xb =
〈b〉
(n1,satn2,sat)1/4
, yb =
Eb/κb
(n1,satn2,sat)1/4
, (B29)
and assuming a simple, standing-wave profile for the cavity mode, together with a uniform atomic density along this
mode (as a result of incommensurate cavity mode and dipole trap wavelengths), it is possible to approximate the
summations in the above equations with integrals, which can be evaluated analytically to give the equations
0 = X1
{(
1 + i
∆1
κ1
)
+
(
1− i∆a
γ⊥
)
2C1
1 + A
1
|X1|2

1− 1 + (∆a/γ⊥)
2√(
1 + (∆a/γ⊥)
2
+A|X1|2
)(
1 + (∆a/γ⊥)
2
+ |X1|2
)




+ i
v1
κ1
(
n2,sat
n1,sat
)1/4
Xb, (B30)
0 = X2
{(
1 + i
∆2
κ2
)
+
(
1− i∆a
γ⊥
)
2C2
1 + A
1
|X2|2

1− 1 + (∆a/γ⊥)
2√(
1 + (∆a/γ⊥)
2
+A|X2|2
)(
1 + (∆a/γ⊥)
2
+ |X2|2
)




+ i
v2
κ2
(
n1,sat
n2,sat
)1/4
Xb, (B31)
−iyb =
(
1 + i
∆b
κb
)
Xb + i
v1
κb
(
n1,sat
n2,sat
)1/4
X1 + i
v2
κb
(
n2,sat
n1,sat
)1/4
X2, (B32)
where
C1 = N1,eff
g21,(0)
κ1γ⊥
, C2 = N2,eff
g22,(0)
κ2γ⊥
, (B33)
and A = 0.17 is a geometric factor related to the cavity mode geometry [28].
For a given driving strength, quantified by yb, these equations can be solved numerically to give the scaled amplitudes
X1, X2, and Xb, and thereby the transmission spectrum through each of the output channels. The input power for
driving through C is related to the parameters of the above model by
Pin,C =
E2b
2κb,bs
h¯ωp =
E2b
2κb,bs
2pih¯c
λ
=
κ2b
2κb,bs
2pih¯c
λ
√
n1,satn2,sat y
2
b , (B34)
and the normalized transmission on resonance is plotted against this power to give the saturation curve.
Appendix C: Parameters
The cavity parameters for the experiments are listed
in Table I. Energy is lost to the environment via sponta-
neous emission (γ||), intrinsic loss and cavity outcoupling.
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The intrinsic intracavity loss arises from fusion splice
losses and propagation loss at the tapered nanofiber. The
outcoupling occurs at mirrors 1, 4, and the central beam-
splitter. We also include a term γlas to account for the
finite probe linewidth.
TABLE I. List of parameters for modeling the experiment.
The two different cavity conditions of the experiments in Fig.
2 and Fig. 3 of the main text are tabulated.
Parameter Fig 2 data (2pi·MHz) Fig 3 data (2pi·MHz)
κ1,loss 0.36 0.36
κ2,loss 0.24 0.24
κb,loss 0.24 0.18
κb,bs 0.12 0.091
κ1l 1.33 1.78
κ1r 3.82 3.11
κ2l 1.66 1.18
κ2r 0.89 0.89
v1 9.45 7.52
v2 6.23 4.64
γ|| 5.2 5.2
γlas 0.36 0.36
As Table I shows, the reflectivities of the mirrors are
in general significantly less than 1. These differences rep-
resent themselves in the single-mode model as a reduced
coupling vi between the cavities and the fibre, when only
one mode is considered. The standing-wave picture in the
low reflectance case starts to break down, which means
that in the linear regime a travelling-wave description us-
ing transfer matrices can more adequately describe the
behavior. Therefore, although the experimental data fit
the current model with these parameters well, signifi-
cantly improved agreement was obtained by scaling the
coupling strengths vi with a factor of 1.075 for Fig. 2
and 1.055 for Fig. 3 in the main text. A more detailed
justification based on the transfer matrix method can be
found in [29].
We scaled all the theoretical curves to match the max-
imum of the experimental data. We note that in Fig.
3, in the case of driving and detecting through port C,
the spectrum showed a significant asymmetry (also ex-
plained in the next section). Therefore, we applied an
extra scaling factor of 0.8 to the theoretical model.
Appendix D: Asymmetry for red- and blue-detuned
probe
We consistently observe an asymmetry in the detected
spectra. The modes S˜− and A˜− have reproducibly larger
central frequency detunings than the modes S˜+ and A˜+.
In addition, the amplitude of the red-detuned mode is
generally lower than the blue-detuned mode. This can
be explained by considering the light shift of the probe
beam on the atoms.
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FIG. 6. Effect of probe light shift on the symmetric modes.
(a) Absolute values of the upper and lower mode frequencies
(blue- and red-detuned probe respectively) are plotted as a
function of drive power. The average value of the empty cav-
ity symmetric mode frequency is shown as a dotted line for
reference. (b) The ratio of the peak photon count of the blue-
detuned mode S˜+ to the red-detuned mode S˜− as a function
of drive power. The data in this figure is measured from the
experiment of Fig. 4 of the main manuscript.
The light shift alters the equilibrium position of the
FORT traps, which modifies the atom–cavity coupling
rate g. A red-detuned probe attracts the atoms closer to
the nanofiber leading to an enhanced g, while a blue-
detuned probe repels the atoms and reduces g. In-
creased g results in a greater central frequency detuning√
g2 + 2v2, and also reduces the peak amplitude. Fig-
ure 6 supports this assessment.
In Fig. 6(a), the red-detuned mode’s central frequency
is observed to increase until the atoms saturate, returning
near to the empty cavity frequency for strong driving. In
contrast, the blue-detuned central frequency monotoni-
cally decreases and approaches the empty cavity mode
frequency as the atoms saturate. Similarly, the peak
in the amplitude ratio of Fig. 6(b) is explained by the
increased value of g at weak drive powers. At strong
drive powers, saturation causes the spectrum to return
to the symmetric empty cavity spectrum. Note that an
on-resonant probe beam exciting the cavity dark mode
D˜ does not induce a light shift because the cavities are
dark, and the light shift from a resonant probe beam is
zero.
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